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Outline
The problem: Appointment s
heduling in health 
are servi
esThe model: A novel robust optimization frameworkThe solution: Global balan
ing heuristi
, 
losed form optimalsolution and worst 
ase s
enarios
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Appointment S
heduling in Health Care Servi
es
High-
ost fa
ilities: MRI, CAT S
an, Operation rooms et
.
Con�i
ting 
osts: Utilization of resour
es versus quality ofservi
eUn
ertain pro
essing durations 3



The ProblemExample: S
heduling outpatient surgeriesGiven:Surgery 1P1 Surgery n

Pn

4



The ProblemExample: S
heduling outpatient surgeriesGiven:Surgery 1P1 Surgery n

Pn

Find:
A1 A2 An An+1S
heduled start of surgery 1 S
heduled end of surgery n 4



The ProblemJob pro
essing:If job i− 1 �nishes before Ai, job i starts at Ai.Job i− 1 Job i

AiOtherwise: job i starts immediately after 
ompletion of job
i− 1. Job i− 1 Job i

Ai 5



Costs
Ci = 
ompletion time of job i.

Ci < Ai+1: underage 
ost ui(Ai+1 −Ci). (Job i is underaged)Job i

Ci Ai+1

underage
Ci > Ai+1: overage 
ost oi(Ci −Ai+1). (Job i is overaged)Job i

Ai+1 Ci

overage
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Costs
P : a given realization of pro
essing times of jobs.Cost fun
tion

F (A,P ) =

n∑

i=1

max(oi(Ci −Ai+1), ui(Ai+1 − Ci))Example 1: 3 jobs, u = 10, o = 1
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Costs
P : a given realization of pro
essing times of jobs.Cost fun
tion

F (A,P ) =

n∑

i=1

max(oi(Ci −Ai+1), ui(Ai+1 − Ci))Example 1: 3 jobs, u = 10, o = 1

0 3 7 10

p1=4 p2=2 p3=3o uTotal Cost = 1 + 10 + 0 = 11 7



Other Appli
ationsProje
t s
heduling (Bendavid and Golany, 2009)Serial produ
tion systems (Elhafsi 2002)Servi
ing ships at seaports (Sabria and Daganzo 1989)Professors s
heduling meeting with grad students
. . . 8



Existing Models
Job i

Pi: random variableCost fun
tion
F (A) = EP [F (A,P )]Optimization problem: Minimize expe
ted 
ost 9



Drawba
k 1: Intra
tability
Computing 
ost of a s
hedule may be intra
tableKnown methods:Sequential bounding algorithm (Denton and Gupta 2003)Monte Carlo te
hniques (Robinson and Chen 2003)Lo
al sear
h (Kandoorp and Koole 2007)Submodular fun
tion minimization (Begen and Queyranne2009) 10



Drawba
k 2: Need for Data
Job i

Pi: random variableDistribution of Pi may not be known
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Our Contributions
1 A robust optimization framework2 Closed form optimal solution3 Stru
tural insights into the problem
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The Robust ModelGiven: minimum and maximum possible exe
ution time of ea
h job.Job i

p
i

pi

P: Set of all possible realization of pro
essing times of jobsRobust Model
F (A) = max

P∈P
F (A,P )Optimization problem: minimize worst-
ase s
enario(s) 
ost. 13



The Global Balan
ing Heuristi

Main idea: Balan
e between maximum underage 
ost of job i, andmaximum overage 
ost due to job i.Maximum possible underage 
ost of job i = ui(ai − p

i
).Job i

Ai Ai+1

p
i

ai
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The Global Balan
ing Heuristi

Maximum possible 
ontribution of job i to overage 
osts of all jobssu

eeding i: Job i

Ai Ai+1

Job i+ 1

Ai+2

p
i

15



The Global Balan
ing Heuristi
Maximum possible 
ontribution of job i to overage 
osts of all jobssu

eeding i: (∑n
j=i oj)(pi − ai).Job i

Ai Ai+1

Job i+ 1

Ai+2

p
i

Contribution of overage of job i to overage of job i+ 1
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The Global Balan
ing Heuristi

Equating maximum possible underage and overage 
osts:

ui(ai − p
i
) = (

n∑

j=i

oj)(pi − ai)We get:
aGi =

uipi + (
∑n

j=i oj)pi

ui +
∑n

j=i oj
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The Main Theorem
TheoremThe global balan
ing s
hedule is optimal for the robust versionwhen the underage 
osts of the jobs are equal.Closed form optimal solution for robust model
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Intuitive InterpretationIf job i alone is s
heduled:
a∗i =

uipi + oipi

ui + oi

Ai Ai+1

p
i

Ai Ai+1

pi
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Intuitive InterpretationHowever, if jobs i+ 1, . . . , n, are to be s
heduled after job i:
aGi =

uipi + o≥ipi

ui + o≥iwhere o≥i =
∑n

j=i oj .
Ai Ai+1 Ai+2 Ai+3

p
i

Worst 
ase s
enario for tail jobs
p
i

p
i+1 p

i+2

Ai Ai+1 Ai+2 Ai+3 20



Worst Case S
enarios for the Optimal S
heduleSequen
e of min-length jobs followed by max-length jobs.
p
1

p
2

p
3

A1 A2 A3 A4

p
1

p
2 p3

A1 A2 A3 A4

p
1 p2 p3

A1 A2 A3 A4

p1 p2 p3

A1 A2 A3 A4 21



Stru
ture of the Optimal Solution
Assigned duration to job i is in interval [p

i
, pi].

Ai Ai+1

p
i
≤ a∗i ≤ pi

p
i
≤ a∗i : True for any instan
e (Begen and Queyranne 2009).

a∗i ≤ pi: Holds only for non-de
reasing ui's.
22



Stru
ture of the Optimal SolutionOptimal assigned duration to a job independent of jobs pre
eding itExample: Optimal solution for jobs 2-5:
A2 A3 A4 A5 A6If job 1 is added to front of s
hedule:

A1 A2 A3 A4 A5 A6 23



Comparison with Sto
hasti
 Model
Cost parameters: u = 10, o = 1Sto
hasti
 model:Job durations: Dis
rete version Weibull distribution with

µ = 48 and σ = 26Sto
hasti
 optimal solution found using lo
al sear
hRobust model:
p = µ− σ = 22, p = µ+ σ = 74
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Comparison with Sto
hasti
 Model
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Relative Performan
e of Robust Model
Relative performan
e = ROB −OPT

OPT
× 100,where

OPT = Average 
ost of sto
hasti
 optimal s
hedule
ROB = Average 
ost of robust optimal s
hedule
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Impa
t of Standard Deviation
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Con
lusionSummaryClosed form solution for robust modelModel 
an be used even if no histori
al data availableStru
tural insights into the problem
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Con
lusionSummaryClosed form solution for robust modelModel 
an be used even if no histori
al data availableStru
tural insights into the problemFuture dire
tionsSolving the ordering problemS
heduling multiple fa
ilitiesIn
orporating no-shows and emergen
y jobs 28



Thank You!Questions??
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Impa
t of Number of Jobs
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Impa
t of Underage Cost
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